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This paper analyzes endogenous economic growth in the model of  overlapping 
generations. There is no bequesl there any externalities. If  thet motive,  nor are 
capila thetechnology is convex, per t growth can occur only if I c economy has at  least 
investmenttwo sectors. This paper shows that  the limiting marginal efficiency of I 
raledetermines the potential for growth and  that the t  of growth depends upon  the 
investmenl.share of the capital stock  devoted to t enL  Sustained consumption growth  
assumptions,can occur only under  a fairly restrictive set of  . There is an equilibrium  
high,with growth only if the marginal  propensity to save is sufficiently .
1. INTRODUCTION  
Conventional theories of economic growth typically involve analyses of 
economies that  do not grow. These theories commonly examine economies 
with maximal sustainable capital-labor ratios and describe paths of capital 
accumulation. It is unfortunate  that any economy converging to a steady 
state  is one in  which per capita consumption is arbitrarily near a constant 
after finitely many periods. This is an unusually gloomy vision of the 
future, even for the dismal science. 
This simple observation has sparked  the recent interest in models of 
economies that actually do grow. An important vein in  this literature 
involves models in which there are increasing returns to scale; Romer's [8J 
work  is path-breaking. A second area in this research uses models in which 
there are no  production non-convexities. This approach  is appealing 
because it obviates the need to distinguish between scale economies that 
are  internal to the firm and  those that  are external to it. The work of 
Rebelo [7J,  Jones and  Manuelli [5J,  and Boldrin [2J is noteworthy. 
lhis... The  author was a visiting assistant  professorl at  the University of Chicago when  t  work 
was  begun. He thanks an anonymous referee for useful suggestions, Larry Jones and  Tapan  
Mitra  for several helpful conversations, and  seminar participants at the University of  Indiana, 
University  of Chicago, Ohio  University, Northwestern  University, and Cornell University for 
comments,their  . 
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vengeance. One agent is endowed with nothing but the initial stock of capi­-
tal; every other agent is endowed with nothing but her own labor. A young 
worker uses wages to consume, invest, and acquire the entire stock of capi­-
tal. An old agent, having nothing but the capital she has acquired, is truly 
a member of the classe rentiere, financing consumption solely from rentals 
income and from the proceeds of the sale of capital. In order for economic 
development to occur, every generation must go through this chain of 
events. This imposes considerable structure on the technologies of 
economies that can grow. 
In order to summarize the introductory discussion and to acknowledge 
a deep dept, we state: 
L
PROPOSITION O. Assume that an economy's technology is convex, If there 
is only one sector and agents live only finitely many periods, then there cant r'
be no endogenous growth. 
Proof See Jones and Manuelli [6, Sect. 3] or Boldrin [2, Sect 2]. I 
The rest of this paper consists of five other sections. Section 2 sets out 
the model. Section 3 analyzes the conditions under which growth is 
possible. Section 4 shows how the growth rate depends upon the share of 
capital devoted to the investment sector, and Section 5 shows how equi­-
librium growth depends upon the savings behavior of workers. Section 6 
presents our conclusions. 
h
2. THE MODEL 
There are two sectors in the economy. Each sector is characterized by a 
production function that is homogeneous of degree one in its inputs. It is 
helpful to think of the first sector as producing a consumption good and 
the second sector as producing an investment good. The production 
functions are: 
(1)  
where K i and L i are the inputs of capital and labor respectively in sector 
i E {I,p  2}. We make the following assumptions about the economy's 
technology 
j j 
Assumption 1. F jj: Fj(O, 0)=0, Fj(K Ltl isIR~ -71R+ is concave. i ) and i 1 , 
smooth,l homogeneous of degree one, and not decreasing in either 
argument. 
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and agent t ;"~ 1 chooses the pair  (c I,  "I' C I, I'+ I) to maximize 
(7) 
subject to 
Pt.IC"I+P,+l,ICt,t+l:(I,I "I I I I,I l  W" 
I. I>0:( C ," 
and 
0:( C,. 1+ I' 
Since agent 0 is endowed  with nothing but the initial stock of  capital, 
Wo=rJK1+P1,2(1-c'5)- Kj, t~ 1 is endowed with nothingo  1'1  I I, 2  cS)  1, and  since agent  
but one unit  of labor, W, = W,I 
The firm's problem is also simple,. Firm i E {1, 2} chooses the pair 
j,(K I , i  L t ,, i)j  to maximize 
" 
(8 ) 
F..(K;, j )Since ; i , L i  is linearly homogeneous, profits per period are zero, and 
(8)	 represents the maximization of  the present value of firm i's profits. 
We may define an  equilibrium  as a sequence (5) such that  for all t 
(i) agent 0 solves (6) and  agent t ~ 1 solves (7); 
(ii) firm i solves (8); 
(iii) CI=CI,I_J+C,.t:(Qt,l;C'. I I,I  I  I;I = 
(iv) resource constraints (4) are satisfied; 
(v) K, > 0 is given; and  
(vi) K tI + 1 evolves according to (2)., 
~ (iii),Note that we have defined aggregate consumption Ct ;" 0 in . Condition 
(i) states that consumers  maximize utility, (ii) states that firms maximize 
profits, (iii) is the material balances condition, (iv) are the resource 
constraints, (v) is the  initial condition for the aggregate capital  stock, and 
motion.(vi) is its law of , 
Since the  production functions are linearly homogeneous, we can  write 
i= KilL;;/  and!;(k..)fi(kJ = Fj(KdL;,them in intensive form. Let k j i  1). Assumption 
!;( ,	 concave,1 implies that fie . ) is positive, non-decreasing, and . Note  that we 
have not assumed that  limk i; _ !;(k..) O. Since there is no population00  f CkJ = 0,
growth, we are examining the possibility of growth of per capita consump­-
tion. The only way that there  can be sustained growth is for the  capital­-
bound,2labor ratio to grow without  . 2 
[I].2 Complex dynamics can arise in a two-sector model; see Boldrin 1]. 
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The economy's resource constraints are 
(13 ) 
where Ar,i=t. i  LI,;E [0,1]. AI,! A" 2 1, At. it. i E , Since ,1" 1 + ,1.,, = I,; represents the proportion 
of the labor force employed in sector i in period t. Hence, (2) is equivalent 
to 
(14) 
where we have used the linear homogeneity of F 2(K2 , L 2 ). If k ,l is given, 
then the pair (k I,. l' k I,. 2) determines k 1+ 1 uniquely, since (13) is true under 
the assumption of full employment. 
3. SUSTAINED GROWTH PATHS 
Since we are not interested in the accumulation of capital for its own 
sake, it is appropriate to define sustained growth as an equilibrium in 
which the growth of aggregate consumption is eventually bounded away 
from zero. 
DEFINITION. Let {(P/.1>P/.2,wl,rl)}~1(PI, I> PI, 2' WI' r l )} ~ 1 support aggregate con­-
sumption {C I } ~ l' There is sustained if only if/ :: 1 . growth and 
lim, -> 00 inf C 1I + l/C/ > 1.d I 
{C/} ~ 1 is not bounded,Note that this implies that the sequence I }:"= . 
Further, if there is sustained growth, then Assumption 1 implies that 
{KI } lim l -+ L I 1., ~ 1 is not bounded and that r-+ 00 1/K Isup K ,+ II / > 1, since / = 
The analysis in this section focuses on the allocation of the capital stock 
between the two sectors of the economy and the asymptotic behavior of 
factor prices. Consider the marginal physical product of capital in the 
investment sector. In particular, let limk2 -+T oo1~(k2)c f; 2  == b 2 ~ O. We state 
PROPOSITION 1. The economy displays sustained growth only if 
(i) j~(k,) 00;lim (Ie 1) = 
k,l -+ 00 
(ii) lim 12(kf  2 ) = 00; and 
kk 2 -+ 00- co 
h2 (j.(iii) lim 12(kf (  2 ) == b ~ D  
k 2 -+ 00 
Proof Since C, ~ AI,.lfl(k111( l ,  d and AI,J/ 1 ~ 1, (i) is necessary for sustainedI 1
growth. 
f2(k2 )We establish (ii) by contradiction. Assume that .f~ le2 is bounded from 
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The following Corollary is useful in Section 5. We state it here because 
it is a property of equilibrium, and it will help us in describing the savings 
behavior of the agents in a growing economy. 
COROLLARY If the economy displays sustained growth and b2 ;:;: 15, 
then i,l+ I ~ b2- b15 for infinitely many t. 
2.1. ~ b,
Proof Assume that the economy exhibits sustained growth. Let 
PI, 2 == 2 - PI, 2)/Pt.(PI·I·I, r I  2' Since (9) implies 
P1+ 1, 2 [pPI,1,2(1 + i l + 1)]/[(1-I )]/[ (1 - b15 + f;(k  l,+1.I  2) J,I I. = 
PI. 2 = [i/+ 1 +b- f;(k t+1, 2) J/[l +f;(k l+1,2) - bJ. Since f;(k l+ 1,l z);;;:'b2) ; : . 2 ~;:;:15,t,  l+I 15- l l. /[1 f;(kl+I.2)-15   b, 
the denominator of this expression is positive. Since the economy has 
growth, 2 for infinitely many t. Hence, it b­sustained PI. ~ 0 l+ 1I + 15-
f;(k/+l,2)~i/+l+b-b2~0 Il . /+1 15-b for these t. 
We may also state 
PROPOSITION 3. The economy displays sustained growth only if  
lim k1 _ oof~(kl) = O.l
Proof Assume that  the economy displays sustained growth and  that  
d:;:;: 8limkj _ 00  f; (k 1):;<: e> O. Proposition 1 implies that there is a non-decreasing 
t , 2};: 1that is not bounded. For this subsequence, factorsubsequence of {k l • } ~ I
market conditions imply that PI,r  2;;::'; f~ (k l,,. 1)/f;(k  ,. 2)· Since fl ( . ) is concave,l,2)'
limk2_r.of;(k2)=b2, Hoo infpt,2~f;(kl.l)lf;(kl.2)~elf;(kt,2)·~ l.l)/f;(kl.2);:;:e/f;(kl,z Since wf;(k z lim OCl nfpI.2;:;: 
81b Ie/ 2 > 0, contradicting Proposition  2. 
Remark. Let K i  > O. Since Assumption 1 states that Fi(Ki , LJ;, ;) is 
smooth on IR~, FI(Ki ,Propositions 1 and  2 imply that ;  0) = 0 and  that  
Fz(Ki, 0) > O. Hence, labor is essential in the production of the consump­-
tion good and  labor cannot be essential in the production of the investment 
good. 
2   
In order to understand the restrictions that sustained growth places on 
functions,the economy, consider the class of CBS production . We  state 
3.1. Let fl(kd=(clkf+cz)(l/P),l f C2)(l! l  with p~l, Cl>O, andCOROLLARY 1
c2 > O. Then economy exhibits sustained growth only if  p = O. 
Proof If p > 0, then fl  (k d is bounded and the economy does not dis­-
play sustained growth. If p<O,< 0  then limkl _ wf~ (k1) > 0,imkl_r.of~(kl»O contradicting  
Proposition 3. I 
Dasgupta and Heal [3,  pp. 199-200J made a similar point in their  study 
of exhaustible resources. Because labor is a fixed factor in a model  that 
studies per capita  growth, the consumption sector is on a knife-edge. The 
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1 .  
k 2  c of e z - .  a J  
 Assumption 2(iii) distinguishes this economy from those in more conven­-
tional models in which it is often assumed that the asymptotic marginal 
physical product of capital is zero for every production activity.3 Assump­-
tion 2(ii) is a restriction that ensures that capital will always be sufficiently 
productive in the consumption sector. It is the only assumption that 
guarantees that the net growth rate of consumption be bounded away from 
zero. 
The simplest production function that satisfies Assumptions 1 and 2(iii) 
is given F2(K2 , L 2 ) = b2 K2 ; indeed, any production function of the form 
F2(K2 , L 2 ) =  b2K2 +G2(KL2 , L 2 ), G2(K LJ itself is homogeneouswhere A 2 , 2 ) 
of degree one, satisfies these assumptions. 
We summarize the results of this section. 
THEOREM 1. There is an economy with convex technology and finitely 
lived agents that has sustained growth. Such an economy has at least two 
sectors. 
Proof The existence of such an economy is demonstrated by Jones and 
Manuelli [6, Section 5]. The fact that the economy must have at least two 
sectors follows from Proposition O. I 
The following is also true. 
THEOREM 2. Consider an economy with a convex technology satisfying 
Assumption 1. Assume that the agents live for only finitely many periods. If 
this economy exhibits sustained growth, then 
(i) the limit of the marginal physical product of capital in the 
consumption goods sector is zero; 
(ii) the limit of the marginal physical product of capital in the 
investment goods sector is greater than the rate of depreciation; 
(iii) capital's share in the consumption sector does not approach zero. 
Proof This follows from Proposition 1, 2, 3, and 4. I 
The importance of Theorem 2 is that it shows that Jones and Manuelli 
[6J have given perhaps the simplest possible example of a convex economy 
in which agents live for finitely many periods and there still is sustained 
growth. They use a model in which FI(KI,Ll)=K~lL~-81l l and 
F2(K2 , L2 ) = b2K2 • Their analysis was complicated slightly by the fact that 
agents were endowed with a unit of labor in each of the two periods of 
their lives, but such an assumption is not necessary. 
Note that this economy has a fixed supply of labor and that the capital 
]J It is important to emphasize that Solow [11] did not impose this assumption uniformly 
in his seminal work. 
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hence, it is always possible for this economy to grow. It is not certain, 
however, that the agents will choose to grow. The key to ensuring growth 
is that agents' preferences are such that the share of the capital stock 
devoted to investment is sufficiently high. Even though growth is feasible if 
b2 > fJ, it may not supported as an equilibrium. If growth does occur, it 
may not be optimal. 5 We turn our attention now to whether agents choose 
savings plans that allow for growth. 
5. EQUILIBRIUM GROWTH 
Recall that the agents' preferences are described by smooth utility func­-
tions uo(co. 1) and u,(c,." c I , 1+ d, where c I , s is consumption by agent t at 
time s. We summarize the choices of agent t ~ 1 by the savings function 
s(w" if + d, where the image set of this mapping is that of the non-negative 
real numbers. The value of s(w l , i,+d is the consumption agent t forgoes 
in her youth. We assume 
I 
Assumption 3. The function s: IR + x (-1, + (fJ) ~ IR + satisfies 
(i) s(w l , i'+I) is smooth; and 
(ii) O~s(W"it+l)~Wt.
It is possible to be this general because Theorem 3, the main result of 
this section, describes only a necessary condition for growth. Note that 
agents have identical preferences since they have the same savings function. 
Corollary 2.1 is now handy because it implies that we can consider the 
limiting behavior of the savings function s(w I , i,+d on a restricted domain 
in which i ,+ 1 ~ b2 - O. This upper bound is increasing in the net marginal 
efficiency of investment. Since the savings function is smooth, let 
sl(w i,+d=8s(w i'+1)j8w ,. Define r=:l-fJ+b 2 ; since I-fJ+f;(k 2 ) 
" " converges to T, this is the limiting gross marginal efficiency of investment. 
Assumption 2 implies that r> 1. 
PROPOSITION 6. Let limw,-+ co 8s(w" i,+1)j8w I =SI(i,+I), and let 
Assumptions 1, 2, and 3 hold. If the economy displays sustained growth, then 
for some i ,+ 1 ~ b2 - O. 
5 In a model of overlapping generations, the notion of an optimal consumption plan is 
subtle because there are infinitely many (dated) commodities and infinitely many agents. 
The interested reader will enjoy Shell [10]. 
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sity to save; this bound is decreasing in the marginal efficiency of invest­-
ment, but it is still necessary to have sufficient savings to sustain growth. 
This is a point that Rostow [9] emphasized in his influential work. Part 
(ii) states that labor's share  in the consumption sector has  to be sufficiently 
high, and Part (iii) shows that  the asymptotic interest rate is increasing in 
the marginal efficiency of investment and decreasing in the rate  of growth 
of the economy. Corollary 6.1 implies that growth is efficient if it occurs. 
The following is the main result of this paper. 
THEOREM 3. Let Assumptions 1, 2, and 3 hold, and let r be the limiting 
marginal efficiency of  investment. Then sustained growth  occurs only if r 
(l - e1)1- 8d > 1. It is further necessary that the limiting value of the marginal 
propensity to save satisfy 
(19) 
i ,+ 1:::;; b,D  for the economy to exhibit sustained growth.for some "' b2 -
Proof This follows from Propositions 5 and 6. I 
I consider Theorem 3 to  be a fairly negative result. It shows that the sim­-
plest model in which there is convex technology with finitely lived agents 
exhibits sustained growth only under a restrictive set of assumptions. These 
assumption describe necessary relationships between the two sectors  of the 
economy and put a lower bound on the  limiting marginal propensity  to 
save. 6 Perhaps the most interesting implication of this section is that the 
conditions allowing for the possibility of sustained growth have to do with 
both the technology and the preferences of the economy describing the 
asymptotic balanced  growth path. 
6. CONCLUSION 
We have examined the general structure of the simplest model of 
sustained consumption growth in which the technology is convex and  
agents live for only finitely many periods. Such an economy must have at 
least two sectors, and the terms of trade between  the investment good and 
the consumption good must worsen. The rate of growth of  the economy 
depends upon the marginal efficiency of investment and the share of capital 
devoted to investment. The investment sector is the "engine of growth" for 
6 If these periods correspond to 25 years, then a rough  estimate of the marginal efficiency 
of investment in the United States would set b2 -6(j = OJ ~2. Likewise, 01 = *is plausible. Hence, 
Theorem 3 states that it is necessary that the limiting marginal propensity to save be grealer 
than kfor that economy to grow. 
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